In this paper, we study conically spiral multiferroic magnets with coupled magnetic and ferroelectric orders. By generalizing the spin-current model, we study spin wave excitations and electromagnons. We find that the electromagnon mode will split into two branches with different dispersions in an (external or internal) magnetic field. We apply our theory to some multiferroic materials and find that the results qualitatively agree with recent experiments. We also make predictions for new experiments.
Introduction
Multiferroics are materials with both ferroelectric and magnetic orders. Multiferroics with giant magnetoelectric coupling are becoming a subject of intensive research because of their fundamental scientific importance as well as the interest that they arouse for technological applications [1] [2] [3] . This recent boom was triggered by the discovery of ferroelectricity in orthorhombically distorted perovskite manganites RMnO 3 (R = Tb, Dy, Gd) [4] . The spontaneous electric polarization P emerging in these multiferroics is induced by a non-trivial spin configuration, e.g. a cycloidal spiral spin ordering where spins with equal magnitudes spiral within a plane. The microscopic origin of such a magnetism-driven ferroelectricity was proposed as a spin-current mechanism [5] or an inverse DzyaloshinskiiMoriya interaction [6, 7] , and P ∝ e i j × ( S i × S j ), where e i j is the unit vector connecting neighboring spins at sites i and j respectively. This is the so called 'spiral mechanism' and has also been successfully applied to understand the nature of ferroelectricity in other spiral multiferroics, such as Ni 3 V 2 O 8 [8] , MnWO 4 [9] and LiCu 2 O 2 [10, 11] .
A hallmark of magnetically induced multiferroicity is the appearance of hybridized magnon-phonon excitation which is the so called 'electromagnon' [12] . It means that a magnetic excitation can be excited by an electric field and vice versa. The first experimental evidence for such an electromagnon was recently procured through infrared optical spectroscopy measurement in TbMnO 3 and GdMnO 3 by Pimenov et al [13] . This pioneering work has stimulated a variety of experimental investigations concerning the low-lying collective mode in multiferroics such as perovskite RMnO 3 [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , hexagonal YMnO 3 [24] , BiFeO 3 [25, 26] , and RMn 2 O 5 (R = Tb, Y) [27] . So far experiments have shown that electromagnons appear mainly in the spiral spin-ordered state as spontaneous electric polarization does. In most cases, the observed electromagnon behavior shows complicated magnetic modes and distinct excitation conditions. For instance, in RMnO 3 one can observe at least two excitation modes with energies around 2 and 8 meV. Several groups have shown that the excitation condition of the electromagnon seems to be independent of the spiral spin plane [15, 17, 19, 20] . However, a very recent report demonstrated that the excitation condition is closely associated with the spin cycloid [23] . Theoretically, Katsura et al [28] argued that the electromagnon observed in RMnO 3 at terahertz frequencies can be ascribed to the magnetoelectric coupling of the spiral mechanism, i.e. the rotation of the spiral spin plane can be excited by the electric field of light. The low-frequency electromagnon mode of optical absorption was assumed to arise from this mechanism [13, 14] . The spin-current model also predicts that the selection rule for the electromagnon should be closely associated with the spin cycloid. This prediction has been directly confirmed in a quite recent experiment by Shuvaev et al [23] . On the other hand, another model based on the symmetric Heisenberg exchange interaction has also been proposed [20, 29, 30] . This predicts that the high-frequency electromagnon may correspond to a zone-edge magnon and the excitation condition is tied to the structural peculiarities of distorted perovskite multiferroic manganites. Therefore, the exact nature of the electromagnon at terahertz frequencies is still a matter of debate and remains to be elucidated by further studies.
These recent results stimulated us to investigate the electromagnon so as to explore the nature of the magnetodielectric coupling in conical spiral magnets. Motivated by the fact that the induced ferroelectricity in conical multiferroics can be explained by the spin-current model proposed by Katsura et al [5] , it is reasonable to adopt the same mechanism to investigate the low-energy collective behavior. In this paper, we extend the spin-current mechanism to conical spiral magnets and investigate the nature of the dynamical magnetoelectric coupling.
The rest of this paper is organized as follows. In section 2, we present the model and discuss the static properties of the system. In section 3, we study spin wave excitations and their dispersions. In section 4, we study electromagnons, apply our theory to some materials and compare the results with experiments. We then summarize our results in section 5.
Model and the multiferroic ground state
Following Katsura et al [28] , we model an insulating multiferroic magnet as a quasi-one-dimensional spin chain along the x-direction with atomic displacement. However, in our model, spins are not in-plane but conically spiral, the cone axis is along the z-direction and the x y-plane is the helically spiral plane, as shown in figure 1 . We formulate the spiral mechanism through dynamically coupled magnetic and ferroelectric order given by the following Hamiltonian:
The conically spiral spin order is described by H 1 , where
is the isotropic exchange coupling between S i and S j , R i( j ) the spatial position of site i ( j ), D > 0 is the single-ion easy-plane (x y-plane) anisotropy, γ is the gyromagnetic ratio, and h eff is the effective Zeeman field giving rise to the out-of-plane canting. Note that h eff may come from the intrinsic crystal field or an external magnetic field. H 2 represents the coupling between the spin degrees of freedom and the electric polarization of the ions with coupling strength λ, where u i is the effective displacement at unit cell i and is related to a local electric dipole e * u i with e * a Born charge. Notice that u i is not the simple atomic displacement of the ion at the site i where the spin is located, e.g. Mn atoms in RMnO 3 , but the effective displacement of the electronic cloud which may be induced by the displacement of other surrounding ions, e.g., O atoms. Therefore the u i dependence of J is of the order of 10 −3 [7] and can be neglected at the leading order. u i describes phonon modes simultaneously. The dynamics of ionic polarization is given by H 3 , where p i is the canonically conjugate momentum of u i . κ and M are the stiffness and the effective mass of u i respectively.
As proposed in [28] , a plausible magnetism-driven multiferroic ground state of Hamiltonian (1a) in the absence of h eff is characterized by in-plane spiral spin order coexisting with ferroelectric order. In constructing the classical ground state, equation (1b) is adopted firstly to determine the spin configuration S i , then equations (1c) and (1d) are used to find out the atomic displacement u i . In the presence of the effective Zeeman field h eff , the spiral spins in the x y-plane will cant toward the z-axis with a conical angle θ (see figure 1 ). This conically spiral order can be formulated through the spin configuration as
where
Q is the wavevector of the spiral order, φ is a phase angle, and S is the magnitude of the spin. Minimizing the energy provided by equations (1c) and (1d) with respect to u i leads to the ferroelectric order of the form
Putting equation (2) into (3), we obtain
Here a is the lattice constant, the x component of u i vanishes and the y component is site-independent, while the z component changes site by site with the same wavevector Q as S i . As indicated in equation (4), there is a net atomic displacement per unit cell along the y direction u
, resulting in a macroscopic electric polarization P = e * u y 0 e y , which is consistent with the experiment observations [31] . The classical ground state energy H (0) is given by
where N is the number of unit cells and J q is the Fourier transform of J ( R i ) with the wavevector q given by
Note that we use q instead of q because q = q e x . The ordering wavevector Q and conical angle θ are found at the minimum of the ground state energy
Spin wave
Now we consider low-energy excitations above the multiferroic ground state discussed in section 2. We begin with spin excitations and treat the atomic displacement statically at this stage. Since spins are spirally ordered in the ground state which breaks spin rotational symmetry, gapless spin waves (magnons) will appear as Goldstone bosons naturally. Therefore we will apply spin wave theory to these spiral magnets. In contrast to conventional ferromagnets or antiferromagnets, spins spiral within a cone surface with conical angle θ . To study spin waves generalized in such a spirally ordered state, it is convenient to introduce the rotating local coordinates
The local ζ -axis is taken along the spin direction in the classical ground state, say, e ζ =Ŝ ≡ S/S. The local ξ -axis is given by e ξ = e z × e ζ | e z × e ζ | , which is perpendicular to the z-ζ plane. Local η is chosen to satisfy e η = e ζ × e ξ as shown in figure 2 .
It is straightforward to see the transformation between the x, y, z components of S i and its ξ, η, ζ components [32] :
Then we perform Holstein-Primakoff transformation with the help of the local coordinates. The spin operators can be written in terms of boson creation and annihilation operators a † i and a i :
Consequently, we can express the Hamiltonian (1a) as
with H (0) the ground state energy given in equation (5) and H (2) the noninteracting magnon Hamiltonian. The free magnon part H (2) reads
Here J ( R) = J (− R) is assumed, thus the coefficients A(q) and B(q) are even functions of q, while C(q) is odd. Note that C(q) will vanish in the absence of h eff . The quadratic term H (2) can be diagonalized with the help of Bogoliubov transformation,
resulting in
), (12) with the spin wave dispersion
Comparing with in-plane spiral order, we find that ω q is not an even function of q in the presence of h eff , since C(q) is asymmetric of q. The spin wave excitation at q = 0 is gapless and remains as Goldstone mode corresponding to global rotations of spins around the z axis. However, the double degeneracy of gapped modes at q = ±Q is lifted due to the C(q) term. One can see in the following discussion that such an asymmetric property of the spin fluctuations with the wave vector q = ±Q is important in connection with the magnetoelectric excitations (i.e. electromagnon).
Electromagnon
We now further consider the collective modes by including the dynamical coupling between magnons and phonons. The hybridized spin excitations with electron polarizations, called electromagnons, are expected as new collective modes instead of magnons. To study these collective modes, we shall adopt the equations of motion and take account of only small fluctuations around the classical ground state where S 
with
where A(q), B(q) and C(q) are given in equations (10) . When λ = 0, the spin waves are decoupled from phonon modes, and we can derive the spin wave dispersion in equation (13) from equations (14a) and (14b). For λ = 0, in analogy to the cycloidally spiral spin state, spins and electric polarizations couple to each other in the conically spiral spin state. S ξ and S η together give rise to spin wave modes as in equation (13). From equations (14), one sees that the spin wave at q is coupled to the phonon mode u q±Q and, conversely, u q is coupled to S ξ(η) q±Q . When the conical angle θ = π/2, the conically spiral state becomes a cycloidally spiral state and equations (14) will coincide with those obtained by Katsura et al [28] . Now we shall investigate ac dielectric properties and electromagnon modes. For these purposes, we utilize the retarded Green's function G R (AB; t − t ) defined by
and its frequency representation
q . These Green's functions can be determined from a set of generic equations of motion whose Fourier transform is
Here we denote
; ω). The frequency dispersions of electromagnons are given by the poles of the Green's functions, e.g.,
. In particular, we are interested in phonon modes near q = 0 (associated with magnon modes near q = ±Q) which can be typically probed by optical experiments. With the help of equations (14) and (18), one easily derives the displacement Green's function
where ω ±Q is given by equation (13) and ω 0 = √ κ/M is the frequency of the original phonon. Note that in deriving equation (19) , we only keep the components at q = 0 and q = Q and neglect others. There are three pairs of poles, ±ω 1,2,3 , at the real axis in the complex ω plane in the dynamical dielectric function u [13] and explained in the framework of the cycloidally spiral mechanism [28] .
As estimated for realistic material later, when D, J κa 2 and λ κa, we have ω ±Q ω 0 and can approximately obtain the three frequencies of hybridized phonon modes as follows: ω 1 ≈ ω 0 , ω 2 ≈ ω Q , ω 3 ≈ ω −Q . As long as θ < π/2, the spiral order is not cycloidal but conical, the two lower frequencies ω 2 = ω 3 , say, there occurs splitting of electromagnon modes. Now we shall proceed with a rough estimate of the splitting ω ≡ ω 3 − ω 2 and a comparison with experimental observations in RMnO 3 in the presence of an external magnetic field perpendicular to the cycloidal plane [16, 21] . Typically, the superexchange J ∼ 0.8 meV and the single-ion anisotropy D ∼ 0.4 meV for perovskite manganites RMnO 3 [22] . The spin-lattice coupling is estimated as λ ∼ 1 meVÅ −1 and the stiffness κ ∼ 1 eVÅ −2 [7] . The lattice constant a ∼ 1Å. Thus the conditions D, J κa 2 and λ κa are satisfied, and we have ω ±Q ω 0 , ω 2 ≈ ω Q , ω 3 ≈ ω −Q in the multiferroic magnet TbMnO 3 . Thus ω = 2C(Q) ∼ J S cos θ . Then we estimate the conical angle θ and thereby cos θ from equation (7). Since λ/(κa) ∼ 10 −3 , we simply have cos θ ∼ γ h eff /(2J S). Thus ω ∼ γ h eff /2, where γ = gμ B and the Landé g factor g ∼ 1 is assumed. Experimentally, an external magnetic field is applied perpendicularly to the cycloidal plane up to 7 T [16, 21] , therefore we have ω ∼ 1 meV. The dependence of the two collective modes ω 2 and ω 3 on the canting angle θ is shown in figure 3(a) with Qa = π/4. We adopt S = 2 here since the spins come from Mn 3+ (3d 4 ) ions. One sees that the splitting of the electromagnon ω decreases when the canting angle θ increases, in other words, it increases with the magnetic field increase. The two modes merge at θ = π/2 and the splitting vanishes, which is the in-plane cycloidal limit discussed by Katsura et al [28] . Another observation is that ω 3 and ω 2 are higher and lower than the cycloidal spiral ones, respectively. The splitting of the electromagnon under an external magnetic field has indeed been observed by Pimenov et al in Eu 1−x Y x MnO 3 [16] and TbMnO 3 [21] when the external magnetic field is applied perpendicularly to the cycloidal spin plane. For the special case of x = 0.2 for Eu 1−x Y x MnO 3 , an electromagnon mode can be clearly observed with frequency close to 24 cm −1 . However, this mode splits into two electromagnons under the external magnetic field. The splitting of the electromagnon increases with the increase of magnetic field, which is similar to our calculation as shown in figure 3(a) . Since Pimenov et al argued that the ferroelectric ground state is a weak conicallike spiral order, the splitting of the electromagnon under the magnetic field may be ascribed to the conical spiral order according to our observation. Very recently, the splitting of electromagnons has been also observed in TbMnO 3 [21] with a perpendicular magnetic field applied along the a-axis. Instead of the initial two electromagnons, four new modes have been observed in the spectra. Pimenov et al argued that these distinct characteristics of the electromagnon may be attributed to the complexity of the tilted spin cycloid due to the perpendicularly applied magnetic field. Experimentally, the magnitude of the applied magnetic field is about 7 T in TbMnO 3 . From equation (7) we can estimate cos θ ∼ = 0.4 and thereby ω ∼ 0.8 meV. Our calculation coincides with experimental results qualitatively. The canting angle dependence of ω is also shown in figure 3(b) , for Qa = π/6, π/4, π/3. It is shown that the splitting increases with Qa.
Another interesting compound is spinel cobalt chromite CoCr 2 O 4 . Being a very rare example of a single-phase multiferroic material, it has received much interest from the viewpoint of multiferroicity [31, [33] [34] [35] [36] [37] . Below T S = 26 K, spontaneous electric polarization appears and the magnetic ions (Co 2+ and Cr 3+ ) develop a conically spiral spin order. The conical angle θ is 48
• for Co 2+ and 71
• for Cr 3+ respectively [31] . The static and dynamical properties of the conical spiral magnets have been studied based on GinzburgLandau theory [38, 39] . A spin model was also proposed to give rise to the conically spiral ordered state [40] . We now apply our theory to this compound by assuming previous parameters, such as J , D, etc. We expect that ω ∼ 0.9 meV and 0.5 meV will be observed for Co 2+ [44, 45] . Our theory will be applicable when spiral spin orders exist. Note that ω 2 and ω 3 depend on the canting angle θ which is tunable through the external field. This provides a possibility to manipulate electromagnons.
Summary
We have studied conically spiral multiferroic magnets by generalizing the spin-current model.
We have shown that a conically spiral multiferroic shows unique dynamical magnetoelectric properties which are different from a conventional cycloidal magnet. We found that the magnon mode at q = 0 remains gapless and the doubly degenerate gapful modes at q = ±Q are lifted. The hybridized collective excitation-the electromagnon-splits into two branches, in contrast to the in-plane cycloidal spiral situation where only one electromagnon dispersion is observed. The theoretical results agree with existing experiments well and we make predictions for other compounds.
We expect that our theoretical investigations will provide a clue for experimentalists to elucidate the novel multiferroic excitations in external or internal (effective) magnetic field induced conically spiral multiferroic materials.
